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Abstract
Lake Naivasha in Kenya is an important natural fresh water reserve, supporting surrounding wildlife as well as
agriculture and industry. Uncontrolled use of the lake water for the past few decades is causing concern for
environmentalists. In the present paper, ﬂuctuations in the lake level for the last half century are analysed using standard
tools for time-series analysis. The intervals 1951–1980 (period I) and 1981–2000 (period II) are treated separately, to look
for any difference in their statistical patterns. From period II onwards, increased human consumption is believed to affect
the level signiﬁcantly. We analyse the data using three different approaches: (i) rescaled range analysis ðR=SÞ, (ii) roughness
scaling analysis and (iii) a Lomb periodogram. R=S analysis shows no difference between the behavior in periods I and II,
but the other methods reveal different ﬂuctuation patterns for the two periods. The water level shows stronger ﬂuctuations
in period I compared to II. R=S analysis, however, shows an interesting anti-persistence with a Hurst exponent 0.44, which
is not usually observed in natural time series.
r 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Variation in levels of lakes and rivers with time, is a classic problem widely studied since the earliest days of
time series analysis [1]. Most observations record a persistence in the behaviour of natural time series [2,3],
with Hurst exponents over 0.5. Lake Naivasha is an endorheic lake in Kenya. Records of the water level for
the past hundred years is available [4], for the past 50 years, regular monthly readings have been recorded.
This lake supports a rapidly growing agri-horticulture industry, as well as surrounding wildlife. A downward
trend in the water level since about 1980, is worrying environmentalists [4,5]. Starting from this period, the
observed lake level is falling signiﬁcantly below the expected level simulated on the basis of ﬂow rates of rivers
which feed Lake Naivasha.
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The present work is an analysis of the lake level data, to search for any interesting feature. In particular, we
compare the data for last 20 years with data prior to that period to see if human intervention has produced
any noticeable difference in parameters characterising the temporal ﬂuctuations of the lake level. We approach
the problem from three different angles. (i) A rescaled range ðR=SÞ analysis [2,6] has been done to determine
the Hurst exponent H. Surprisingly, the Hurst exponent is lower than 0.5, indicating an anti-persistence.
(ii) We ﬁnd a power-law scaling behaviour for the difference in maximum and minimum levels DðtÞ over a
period of time t. (iii) A Lomb periodogram [7] is drawn to look for periodicity in ﬂuctuations of the level.
2. Fluctuations in Naivasha Lake level
Records of levels of Lake Naivasha starting from the year 1900 are available. From 1951 levels are recorded
regularly at one month intervals, before that recording times are irregular and at larger intervals. Trends
observed in these records and their deviation from the level predicted from water input from rivers ﬂowing
into the lake for the last 20 years are discussed in detail in Refs. [4,5]. The observed shortfall from the
simulated level since the year 1980, is presumed to be due to excessive horticulture and other industrial
development. There are no rivers ﬂowing out from Naivasha, natural depletion in the water level is due only to
evaporation and some seepage from subterranean streams. The lake level data Ln as a function of time is
shown in Fig. 1.
We have done the entire analysis over 590 months starting from the year 1951, the actual number of data
points is 560, as there are occasional readings taken at 2 or 3 month intervals. One of the objectives of this
work is to look for any difference in statistical patterns during the ﬁrst 30 years starting 1951, when
only natural processes are at work, and the next 20 years when human intervention is believed to affect the
lake level.
3. Analysis of the data
3.1. Rescaled range analysis
In the R=S analysis, the ‘range’ R is the cumulative departure from an initial time t0 to time t, as if the
successive data points are step lengths of a random walk. Obviously R increases with the interval ðt  t0 Þ. It
has been shown [1] that dividing the range by the standard deviation s in the data for this time interval gives a
robust parameter usually exhibiting a power-law with ðt  t0 Þ. If the recorded variable X ðtÞ, for successive
observation times is totally uncorrelated, i.e. the data resembles a random Brownian motion, R=S varies as a
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Fig. 1. Variation in levels of Lake Naivasha for the period 1951–2000 [4].
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power-law with ðt  t0 Þ, with the exponent 0.5:
R=S ¼ Aðt  t0 ÞH .

(1)

A being a constant. The exponent H ¼ 0:5 indicates a truly Brownian motion, while H40:5 indicates a
persistence, that is an increasing trend in the previous step is more likely to be followed by an increase in the
next step as well. Ho0:5, means there is anti-persistence in the variation of X, if there is an increasing trend
over the mean in one step, it is more likely to be followed by a decrease in the following step.
We follow the method discussed in Refs. [6,8] Ri;t =S i;t is termed as the ‘rescaled range’, where Ri;t is the
cumulated range of a process i.e. the departure from the mean value, in the time interval i þ 1 to i P
þ t and S i;t
is the standard deviation. For a series xi in discrete integer valued time with X i deﬁned by X i ¼ ij¼1 xj and
given any lag t41
Ri;t ¼ max½ðX iþj  X i Þ  ðj=tÞðX iþt  X i Þ  min½ðX iþj  X i Þ  ðj=tÞðX iþt  X i Þ,
where max and min are taken over 0ojot. The standard deviation S i;t is given by
!2
t
t
X
X
S2i;t ¼ t1
x2iþj  t1
xiþj .
j¼1

(2)

(3)

j¼1

This is averaged over i ¼ 1; . . . ; n non-overlapping intervals of length t to give the rescaled range
Rt ¼ hRi;t =S i;t i.

(4)

Here we replace xn by Ln . We assume all points for the data to be recorded at intervals of 1 month. This makes
the analysis simpler without introducing any signiﬁcant error. For R=S analysis, it is convenient to choose the
lag in multiples of 2, so we start from t ¼ 0:25 years (3 months), and continue to increase t in multiples of 2 up
to 16 years (192 months). Since we want to analyse the period 1951–1980 (period I) and 1981–2000 (period II)
separately, it is not meaningful to work with any larger interval.
Rt has been evaluated averaging over as many time intervals that ﬁt without overlapping in the periods I
and II. We ﬁnd the numerical values for each lag for periods I and II are identical up to the second decimal
place, and values range from 3.75 to 13.97. It is therefore not necessary to show the results separately. Fig. 2
shows a log–log plot of Rt against the lag t. The data give a reasonably good linear ﬁt with a slope H ¼ 0:44.
It follows that the fractal dimension of the graph in Fig. 1 is 1.56 [2]. This means that if the plot in Fig. 1 is
covered by a square grid, with boxes of varying size l  l, the number of boxes NðlÞ which cover the graph is
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Fig. 2. Rescaled ranges for the lake levels of Naivasha and Huron. Data points for both lakes coincide and anti-correlation is observed
with a Hurst exponent 0.44.
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given by
NðlÞl ðH2Þ .

(5)

So R=S analysis reveals no difference in long-range statistical correlations in period I and II. However,
a very interesting result is that the Hurst exponent is less than 0.5, showing anti-persistence.
Natural processes usually show positive correlation i.e. persistence, earlier work on lake levels [2] also
reports Hurst exponents close to 0.7. A natural question is whether the exponent 0.44 we obtain indicates
some peculiarity speciﬁc to Naivasha. We looked for similar data for other lakes for comparison. Levels of
Lake Huron/Michigan from [9] was analysed using the same formalism. Very surprisingly this data for a
similar period of time gives not only exactly the same slope 0.44, but identical data points for the R=S values,
agreeing up to the second decimal place in most cases. The average levels of the lakes are of course, quite
different, being around 1890 m for Naivasha and 177 m for Huron. The data for Huron is also shown in Fig. 1
for comparison. This striking similarity may be a coincidence, but it would be interesting to study recent data
(within the last 100 years) for other lakes as well.
3.2. Level difference DðtÞ
We have calculated a simpler quantity compared to R=S, which shows a difference in behaviour in the
periods I and II. This is the quantity DðtÞ deﬁned as
DðtÞ ¼ maxðLn Þ  minðLn Þ

(6)

within the time interval i to i þ t. This is evaluated as a function of t for as many overlapping intervals shifted
by one point, as can ﬁt into the whole period under study, and averaged over all these for a speciﬁc t. It is to be
noted that here we allow overlap of the time intervals. Looking at the time series data as a rough surface, this
quantity DðtÞ is analogous to the surface width, determined over an interval. We ﬁnd that DðtÞ follows an
approximate power law on the average for period I. For period II the log–log plot shows two different linear
regions. Initially the points coincide with the points for region I, then for time intervals larger than about 5
years, deviate to a different average power-law. Writing the power-law as
DðtÞ ¼ tm .

(7)

The exponent m, which is a measure of the ‘roughness’ of the time-series ‘surface’ [10,11], is determined for the
periods I and II. The exponent is signiﬁcantly different in the periods I and the later section of period II. The
values of m, for period I, is 0.58, while for the period II it is initially the same as I but later deviates to 0.361.
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Fig. 3. The difference in maximum and minimum levels over a time interval, shows a scaling behaviour, with different power-laws for
period I and II.
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Fig. 3 shows the plots for the two periods. The value of m is much less in period II, compared to period I,
signifying less ﬂuctuations in levels, in this period. It is possible that this change reﬂects higher consumption
due to more human intervention in period II, which varies less with time, than natural water supply and
depletion processes. The water level expected in absence of human intervention can be simulated by
monitoring the ﬂux in rivers which feed the lake. Simulation data for period II show that during
this time the observed level falls signiﬁcantly below the simulated level [4], presumably due to increased
demand for human consumption. However, the simulated levels for this period show an increase above the
average. If the excess natural supply over the average is used up in agri-horticulture, m would decrease as
observed here. But if their is a drought or decrease in water supply to the lake due to some natural
cause, judicious regulation of human usage would continue to keep m low. An increase in m in such a case
would be a cause for alarm indicating that the level is falling much below average due to natural and human
effects adding up.
Another interesting feature seen is a smooth periodic variation decorating the power-law ﬁt. It may indicate
some discrete scale invariance (DSI) [12] in the data, signifying hidden deterministic fractal patterns [12,13].
Longer time intervals must be analysed to identify this more deﬁnitely.
3.3. The Lomb periodogram
Another aspect of a time series analysis is the occurrence of periodicities. Periodic cycles in a time series can
be identiﬁed by Fourier transform or a Lomb periodogram. The Lomb periodogram [7] works for data
recorded at irregular time intervals as well.
Suppose we have readings for a variable hi at N data points which may correspond to unevenly spaced time
instants ti , the mean and variance of h are given, respectively, by
hav ¼

s2 ¼

N
1X
hi ,
N 1

(8)

N
X
1
ðhi  hav Þ2 .
ðN  1Þ 1

(9)

The Lomb normalised periodogram, which is the spectral power as a function of the angular frequency
o ¼ 2pf 40 is deﬁned by
2
2 P
2 3
P
ðh

h
Þ
cos
oðt

tÞ
ðh

h
Þ
sin
oðt

tÞ
av
j
av
j
j j
j j
1 6
7
P
PN ðoÞ ¼ 2 4
(10)
þ
5.
P 2
2
2s
sin
oðt

tÞ
j
j cos oðtj  tÞ
j
t is deﬁned by
P

j
tanð2otÞ ¼ P

sinð2otj Þ

j cosð2otj Þ

.

(11)

For N data points 2N values of o are returned. One can identify prominent repeating cycles from the
angular frequencies which have large amplitudes, i.e. show the highest peaks in the plot of PN ðoÞ against o. o
may be transformed into the frequency f and time period T, through
f ¼ o=2p ¼ 1=T.
In Fig. 4 the periodograms for the periods I, II separately and (I+II) together are shown in blue, red and
black respectively. All three graphs show largest amplitudes in the range of frequencies corresponding to
cycles of 10–8 years. In the combined black curve there are three separate peaks within this range, in period I a
broad peak covering the whole range and in period II, a sharp peak for T ¼ 8 years, and a smaller one for 10
years. Since the data for periods I and II, cover time intervals of about 30 and 20 years, respectively, we ignore
peaks with larger T.
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Fig. 4. Lomb periodogram for period I , period II and period (I+II).

A very prominent peak is seen around T ¼ 4 years in period I, which is conspicuously absent in period II.
A much smaller peak is seen for periods I as well as (IþII) near T ¼ 5 years. An overall difference
in the character of the time series data for I and II, is quite evident. The earlier period shows much more
prominent cycles compared to the later period. This agrees with the ‘roughness’ exponent being larger
for period I, in short, variation in levels is much less in the later period, this may be related to large
amounts of water abstraction in period II for human utilisation. It may further be conjectured that the four
year cycle is related to the ‘El Nino’ and the larger (of period 10 years) to sunspot cycles, which affect global
temperatures [8].
4. Conclusions
In conclusion, the ﬂuctuation in water levels of Lake Naivasha in Kenya for the period 1951–2000, has been
analysed using different tools for time series analysis, namely R=S, roughness and the Lomb periodogram.
One signiﬁcant feature is the observation of anti-persistence, with a Hurst exponent of 0.44 for the whole
period in R=S analysis. This is surprising, considering that natural time series usually show persistence within
such time scales. To see whether this result is peculiar to Naivasha, which has some unique features [5], such as
being endorheic, we also analysed data for lake Huron/Michigan in USA. The two series turn out to have
almost exactly same R=S values as shown in Fig. 2 and hence the same Hurst exponent. It is necessary to study
this aspect further, with data for other lakes.
We look separately at the periods 1951–1980 and 1981–2000, in the later period simulations of the lake level
do not agree with actual measured data [5]. So we search for any quantitative difference in statistical
parameters for the two periods. R=S analysis does not reveal any difference, but the other methods do. The
roughness of the lake level versus time curve, characterised by the exponent m, is signiﬁcantly higher in the
earlier period compared to the later period. In the periodogram also the earlier period shows prominent peaks,
unlike the later period. All this points to strong natural ﬂuctuations in the water level which may have been
somewhat washed out by human intervention during the period following 1980. How this may affect the
ecology will make an interesting study.
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